We study the number of connected spanning subgraphs are obtained.
I. INTRODUCTION
The enumeration of the number of connected spanning subgraphs N CSSG (G) on a graph G is a problem of interest in mathematics [1] . It is well known that the number of connected subgraphs is given by the Tutte polynomial T (G, x, y) evaluated at x = 1, y = 2 [2] . Alternatively, it corresponds to the partition function of the q-state Potts model in statistical mechanics with q = 0 and the temperature variable v = e βJ − 1 = 1, where J is the spin-spin coupling and β = (k B T ) −1 . Some recent studies on the enumeration of connected spanning subgraphs and the calculation of their asymptotic growth constants on regular lattices were carried out in Refs. [3, 4, 5, 6, 7] . It is of interest to consider connected spanning subgraphs on self-similar fractal lattices which have scaling invariance rather than translational invariance. Fractals are geometric structures of (generally noninteger) Hausdorff dimension realized by repeated construction of an elementary shape on progressively smaller length scales [8, 9] . A well-known example of a fractal is the Sierpinski gasket. We shall derive the recursion relations for the numbers of connected spanning subgraphs on the Sierpinski gasket with dimension equal to two, three and four, and determine the asymptotic growth constants. We shall also consider the number of connected spanning subgraphs on the generalized Sierpinski gasket with dimension equal to two.
II. PRELIMINARIES
We first recall some relevant definitions for connected spanning subgraphs and the Sierpinski gasket in this section. A connected graph (without loops) G = (V, E) is defined by its vertex (site) and edge (bond) sets V and E [10, 11] . Let v(G) = |V | be the number of vertices and e(G) = |E| the number of edges in G. A spanning subgraph G ′ is a subgraph of G with the same vertex set V and an edge set E ′ ⊆ E. A connected spanning subgraph on G is a spanning subgraph of G that remains connected. In general, there can be cycles in a connected spanning subgraph. It is called a spanning tree when there is no cycles. The degree or coordination number k i of a vertex v i ∈ V is the number of edges attached to it.
A k-regular graph is a graph with the property that each of its vertices has the same degree k. In general, one can associate an edge weight x ij to each edge connecting adjacent vertices v i and v j . For simplicity, all edge weights are set to one throughout this paper.
When the number of connected spanning subgraphs N CSSG (G) grows exponentially with v(G) as v(G) → ∞, there exists a constant z G describing this exponential growth:
where G, when used as a subscript in this manner, implicitly refers to the thermodynamic limit.
The construction of the two-dimensional Sierpinski gasket SG 2 (n) at stage n is shown in Fig. 1 . At stage n = 0, it is an equilateral triangle; while stage (n + 1) is obtained by the juxtaposition of three n-stage structures. In general, the Sierpinski gaskets SG d can be built in any Euclidean dimension d with fractal dimension D = ln(d + 1)/ ln 2 [12] . For the Sierpinski gasket SG d (n), the numbers of edges and vertices are given by
Except the (d + 1) outmost vertices which have degree d, all other vertices of SG d (n) have degree 2d. In the large n limit, SG d is 2d-regular.
The first four stages n = 0, 1, 2, 3 of the two-dimensional Sierpinski gasket SG 2 (n).
The Sierpinski gasket can be generalized, denoted by SG d,b (n), by introducing the side length b which is an integer larger or equal to two [13] . The generalized Sierpinski gasket at stage (n+ 1) is constructed from b layers of stage n hypertetrahedrons. The two-dimensional neglected for simplicity. The Hausdorff dimension for SG d,b is given by D = ln
is not k-regular even in the thermodynamic limit.
III. THE NUMBER OF CONNECTED SPANNING SUBGRAPHS ON SG 2 (n)
In this section we derive the asymptotic growth constant for the number of connected spanning subgraphs on the two-dimensional Sierpinski gasket SG 2 (n) in detail. Let us start with the definitions of the quantities to be used. Since we only consider the ordinary Sierpinski gasket in this section, we use the notations f 2 (n), g 2 (n) and h 2 (n) for simplicity. They are illustrated in Fig. 3 , where only the outmost vertices are shown. Because of rotational symmetry, there are three possible g 2 (n). The initial values at stage zero are f 2 (0) = 4, g 2 (0) = 1 and h 2 (0) = 1. The purpose of this section is to obtain the asymptotic behavior of f 2 (n) as follows. The three quantities f 2 (n), g 2 (n) and h 2 (n) satisfy recursion relations. Lemma III.1 For any non-negative integer n,
Proof The Sierpinski gasket SG 2 (n + 1) is composed of three SG 2 (n) with three pairs of vertices identified. The number f 2 (n + 1) consists of one configuration where all three SG 2 (n) belong to the class that is enumerated by f 2 (n), and six configurations where one of the SG 2 (n) belongs to the class enumerated by g 2 (n) and the other two belong to the class enumerated by f 2 (n) as illustrated in Fig. 4 Similarly, g 2 (n + 1) and h 2 (n + 1) for SG 2 (n + 1) can be obtained with appropriate configurations of its three constituting SG 2 (n) as illustrated in Figs. 5 and 6 to verify Eqs. The values of f 2 (n), g 2 (n), h 2 (n) for small n can be evaluated recursively by Eqs. (3.1), (3.2), (3.3) as listed in Table I . These numbers grow exponentially, and do not have simple integer factorizations, in contrast to the corresponding results for the number of spanning trees [14] . To estimate the value of the asymptotic growth constant defined in Eq. (2.1), we need the following lemmas. For the generalized two-dimensional Sierpinski gasket SG 2,b (n), define the ratios
where n is a non-negative integer. For the ordinary Sierpinski gasket in this section, they are simplified to be α 2 (n), β 2 (n) and their values for small n are listed in Table II .
Lemma III.2 For any n ≥ 0, 
f 2 (n) 4 160 13,312,000 10,293,452,839,321,600,000,000 The ratios α 2 (n) and β 2 (n) are both strictly decreasing sequences with the limits
Proof It is clear that α 2 (n) and β 2 (n) cannot be negative. By Eqs. (3.1) -(3.3), we
Therefore,
, (3.10) which shows that α 2 (n) is strictly decreasing. Similarly, we have
.
With the initial values given in Table II , 3β 2 (n) ≤ α 2 (n) is proved by induction. By Eqs.
(3.10) and (3.11),
where
such that α 2 (n) ≤ 4β 2 (n) is proved again by induction. Eq. (3.11) can be rewritten as 14) which shows that β 2 (n) is strictly decreasing since α 2 (n) is less than four, i.e. its initial value, for all n ≥ 1. Eq. (3.10) can be rewritten as
which is always less than 6α 2 (n)/7 since β 2 (n) is less than one, i.e. its initial value, for all
and the proof is completed.
We notice that the convergences of α 2 (n) and β 2 (n) to zero as n increases are not rapid.
The inequality 3β 2 (n) ≤ α 2 (n) can be improved a bit, and we state it as the following lemma.
Lemma III.3 For any n ≥ n 0 ,
16)
Proof By Eqs. (3.10) and (3.11), we have
Because Y (n) is positive whenever α 2 (n) ≤ 3/4 and β 2 (n) ≤ 1/4, which is true for all n ≥ n 0 = 4 by the previous lemma and Table II , the inequality is established.
We notice that although Eq. (3.16) is by no means optimum, it is enough for the following lemma.
Lemma III. 4 The sequence of the ratio {α 2 (n)/β 2 (n)} ∞ n=0 decreases monotonically with the limit
Proof The initial value of the ratio is α 2 (0)/β 2 (0) = 4. It is clear from Eq. (3.11) that in the large n limit, the ratio α 2 (n)/β 2 (n) is equal to three. By Eqs. (3.10) and (3.11), we have
With α 2 (n) ≥ 3β 2 (n), Z(n) is positive such that the sequence of the ratio decreases monotonically.
The general expressions for f 2 (n) and g 2 (n) can be written as follows.
Lemma III.5 For a non-negative integer m and any positive integer n > m,
Here when n − m = 1, the products with lower limit two are defined to be one.
Proof It is clear from Eqs. 
25)
where m is a positive integer.
Proof By Lemma III.5, we have
We have shown that as m increases, α 2 (m) decreases to zero in Lemma III.2 and α 2 (m)/β 2 (m) decreases to three in Lemma III.4 such that With the definition for z SG 2 given in Eq. (2.1) and the number of vertices of SG 2 (n) is 3(3 n + 1)/2 by Eq. (2.3), the proof is completed.
As m increases, the difference between the upper and lower bounds in Eq. (3.25) becomes small but the convergence is not rapid. We calculate the number of connected spanning subgraphs f 2 (m) up to m = 15, and we have the following proposition.
Proposition III.1 The asymptotic growth constant for the number of connected spanning
subgraphs on the two-dimensional Sierpinski gasket SG 2 (n) in the large n limit is z SG 2 = 1.276495930....
Without going into details, we state here without proof that the bounds can be improved.
For a non-negative integer m and any positive integer n > m, the tighter bounds for α 2 (n) It can be shown that
and
so that the asymptotic growth constant is z SG 2 = 1.27649593067....
IV. THE NUMBER OF CONNECTED SPANNING SUBGRAPHS ON SG
The method given in the previous section can be applied to the number of connected 
where the three outmost vertices have degree two. There are (6 n − 1)/5 vertices of SG 2,3 (n)
with degree six and 6(6 n − 1)/5 vertices with degree four. The initial values for the number of connected spanning subgraphs are the same as for SG 2 : f 2,3 (0) = 4, g 2,3 (0) = 1 and h 2,3 (0) = 1. By the method illustrated in the previous section, we obtain the following recursion relations for any non-negative integer n.
The figures for these configurations are too many to be shown here. Some values of f 2,3 (n), Table III . These numbers grow exponentially, and do not have simple integer factorizations. The sequences of the ratios {α 2,3 (n)} from four to three, the same as the results for SG 2 (n). The values of α 2,3 (n), β 2,3 (n) for small n are listed in Table IV .
By the same method as in Lemma III.5, we have the general expression for the number of connected spanning subgraphs.
where We notice that the convergence of the upper and lower bounds remains slow.
For SG 2,4 (n), the numbers of edges and vertices are given by e(SG 2,4 (n)) = 3 × 10 n , (4.10)
where again the three outmost vertices have degree two. There are (10 n − 1)/3 vertices of SG 2,4 (n) with degree six, and (10 n − 1) vertices with degree four. The initial values for the number of connected spanning subgraphs are the same as for SG 2 : f 2,4 (0) = 4, g 2,4 (0) = 1 and h 2,4 (0) = 1. We wrote a computer program to obtain the recursion relations for SG 2,4 (n). They are lengthy and given in the appendix. Some values of f 2,4 (n), g 2,4 (n), h 2,4 (n) are listed in Table V . These numbers grow exponentially, and do not have simple integer factorizations. The sequences of the ratios {α 2,4 (n)} ∞ n=1 and {β 2,4 (n)} ∞ n=1 defined in Eq. (3.4) again decrease monotonically with lim n→∞ α 2,4 (n) = β 2,4 (n) = 0. The ratio α 2,4 (n)/β 2,4 (n) decreases from four to three. The values of α 2,4 (n), β 2,4 (n) for small n are listed in Table VI. By the same method as in Lemma III.5, we have the general expression for the number of connected spanning subgraphs. where Here the convergence of the upper and lower bounds is again slow.
V. THE NUMBER OF CONNECTED SPANNING SUBGRAPHS ON
In this section, we derive the asymptotic growth constant of connected spanning sub- The recursion relations are lengthy and given in the appendix. Some values of f 3 (n), Table VII . These numbers grow exponentially, and do not have simple integer factorizations. We find it is difficult to derive the bounds of the asymptotic growth constant for the number of connected spanning subgraphs on SG 3 (n). We calculate f 3 (m) up to m = 10, and fit the numerical value of the asymptotic growth constant to have the following proposition.
Proposition V.1 The asymptotic growth constant for the number of connected spanning
subgraphs on the three-dimensional Sierpinski gasket SG 3 (n) in the large n limit is z SG 3 = 2.06371.
For the four-dimensional Sierpinski gasket SG 4 (n), we use the following definitions. Table VIII . These numbers grow exponentially, and do not have simple integer factorizations. It is even more difficult to derive the bounds of the asymptotic growth constant for the number of connected spanning subgraphs on SG 4 (n). We calculate f 4 (m) up to m = 6, and we are satisfied with numerical fitting of the asymptotic growth constant to have the following proposition.
Proposition V.2 The asymptotic growth constant for the number of connected spanning
subgraphs on the four-dimensional Sierpinski gasket SG 4 (n) in the large n limit is z SG 4 = 2.7686.
VI. DISCUSSION
Compared with the asymptotic growth constant for the number of spanning forests N SF on the Sierpinski gasket in Ref. [Chang and Chen] , we find that N CSSG is larger than N SF for all the considered cases. We conjecture that this inequality holds for all the generalized Sierpinski gasket. Definez We list the first few values ofz SG d , z SG d , and their ratios in Table IX .
As the spanning tree is a special case of connected spanning subgraphs where there is no cycles allowed, the number of spanning trees N ST (G) is always less than N CSSG (G). Define section, we will use the simplified notation f n+1 to denote f 2,4 (n + 1) and similar notations for other quantities. For any non-negative integer n, we have
